We describe the realization of multimode phononic correlations that arise from nonlinear interactions in a mechanical nondegenerate parametric amplifier. The nature of these correlations differs qualitatively depending on the strength of the driving field in relation to the threshold for parametric instability. Below this threshold, the correlations are manifest in a combined quadrature of the coupled mechanical modes. In this regime, the system is amenable to back-action evading measurement schemes for the detection of weak forces. Above threshold, the correlations are manifest in the amplitude difference between the two mechanical modes, akin to intensity difference squeezing observed in optical parametric oscillators. We discuss the crossover of correlations between these two regimes and applications of this quantum-compatible mechanical system to nonlinear metrology and out-of-equilibrium dynamics.
I. INTRODUCTION
The quantum control, detection and manipulation of macroscopic mechanical systems has made enormous strides from its origins in the context of gravitational wave detection [1] [2] [3] to current efforts on cavity optomechanics [4] [5] [6] [7] [8] and quantum-enhanced metrology [9] . With increasing sophistication of experimental techniques and material platforms amenable to such studies, a broader range of questions have come into focus including the use of such mesoscopic mechanical systems for studies of macroscopic entanglement [10, 11] , out-of-equilibrium thermodynamics [12, 13] and the quantum-to-classical transition [14] [15] [16] .
A key enabling ingredient for these studies is the realization of mechanical systems with low dissipation and strong, quantum-compatible nonlinear interactions. While mesoscopic mechanical systems exhibit a wide range of mechanical nonlinearities [17] , it is typically the case that such nonlinear effects are weak and only arise at large amplitudes of motion or are present in highly dissipative systems. In either scenario, these preclude quantum-limited operation. Alternately, such nonlinear couplings can also be realized through optical mediation [18, 19] . However, the experimental constraints posed by such optically mediated interactions remain challenging to satisfy.
An alternate avenue to combining low intrinsic dissipation and strong nonlinear interactions exploits the notion of reservoir engineering [20] [21] [22] [23] -the control of the properties and effective interactions of the system through appropriate design of its environment. Most proposals to date have focused on tuning the properties of an optical reservoir that is coupled to the mechanical system via radiation pressure, a coupling that is typically weak in current optomechanical systems. However, reservoir engineering can also be effected through purely mechan- * mukundv@cornell.edu ical means, i.e. the interactions between distinct modes of a resonator can be mediated and enhanced by discrete excitations of a massive supporting substrate. Motivated by recent experimental demonstrations of such two-mode parametric nonlinearities in an ultrahigh Q membrane resonator [24] , we describe the various regimes of this system with an emphasis on the nature and fidelity of multimode phononic correlations that arise due to this nonlinear coupling. Due to its compatibility with established techniques of radiation pressure cooling and quantumlimited optical detection, this nonlinear mechanical system offers a powerful platform for studies of nonlinear metrology, the robust generation of entangled mechanical states and the quantum dynamics of mesoscopic mechanical systems.
This paper is organized as follows. In Sec.II we describe the two-mode nonlinearity arising from the parametric interaction between the resonator and its supporting substrate. This interaction realizes a phononic version of a nondegenerate parametric amplifier involving a substrate excitation (pump) and two resonator modes (signal, idler). Such amplifiers are characterized by a threshold pump amplitude beyond which the system is susceptible to self-oscillation. In Sec.III we describe the behavior of this system below threshold. We discuss the onset of two-mode squeezing and calculate the limits of such squeezing in the presence of dissipation, frequency asymmetries and finite pump detuning from parametric resonance. In Sec.IV, we describe the behavior of this system above threshold where the parametric oscillator exhibits amplitude difference squeezing. Finally, in Sec.V we describe the crossover regime around the instability threshold and applications of this system to nonlinear metrology and mesoscopic quantum dynamics.
II. NONDEGENERATE PARAMETRIC AMPLIFIER: MODEL AND PHENOMENOLOGY
We begin by describing the phenomenology of the twomode parametric nonlinearity. To motivate the discusarXiv:1412.8536v1 [quant-ph] 30 Dec 2014 sion, we consider the physical system described in previous work [24] . The mechanical resonator consists of a silicon nitride (SiN) membrane under high tensile stress that is deposited on a single-crystal silicon substrate. In these membranes, a combination of high intrinsic stress and substrate-induced suppression of anchor loss leads to the robust formation of a large number of mechanical modes with low dissipation and high degree of isolation from the environment [25] . Furthermore, the supporting substrate can parametrically mediate multimode interactions within the membrane. Such nonlinear interactions are especially significant when the parametric resonance coincides with a discrete excitation of the substrate, as the coupling strength is now enhanced by the quality factor of the mediating excitation (see Fig. 1 ).
We describe the parametric two-mode nonlinearity by an interaction of the form H = −gX S x i x j where g parametrizes the strength of the interaction, X S is the amplitude of the substrate excitation and x i,j are the amplitudes of the individual membrane resonator modes. The strength of the two-mode interaction is enhanced when the parametric interaction between membrane eigenmodes at ωi,j is mediated by a substrate excitation at ωS = ωi + ωj.
Within the rotating wave approximation, this results in equations of motion of the form,
with the corresponding equation for mode j obtained by substituting i ↔ j in Eq. [1] . Here, we have taken x i,j , X S to denote the (complex) displacements of the individual modes. The external actuating force and thermomechanical noise forces acting on the various modes are together represented by F i,j,S , and ω i,j,S , γ i,j,S and m i,j,S are the eigenfrequencies, mechanical linewidths and the masses of the modes. For now, we assume that ω S = ω i + ω j , i.e. the pump actuation is at the parametric resonance. Lastly, in keeping with the experimental scenario, we assume that the dissipation rate of the substrate excitation is significantly larger than that of the membrane modes
. The coupled equations of motion can be solved using the methods of two timescale perturbation theory [17] . This gives first order coupled equations of the form,
where
are the slowly varying (complex) amplitudes of the external forces on the individual modes, and
−1 are the magnitudes of the on-resonant susceptibility of the various modes. We have ignored terms such asÄ k , γ iȦk in the slow time approximation.
As the actuating force on the substrate is increased from zero, the substrate (pump) displacement increases in linear proportion until it reaches a threshold amplitude
Below this critical amplitude, the steady-state amplitudes of the membrane modes (signal, idler), denoted byĀ i,j , remain at zero and the system realizes a nondegenerate parametric amplifier. Once the parametric drive exceeds the critical value, the membrane modes exhibit an instability to self-oscillation withĀ i,j = 0, and the system realizes a phononic version of an optical parametric oscillator. At the threshold, the system is characterized by a divergent mechanical susceptibility and response time. The behavior of the parametric system in the vicinity of this threshold can be described in terms of a nonequilibrium continuous phase transition.
As can be seen from the above expression, the twomode coupling is enhanced by the quality factors of the individual resonator modes, resulting in strong multimode interaction strengths even in the presence of low dissipation.
As the pump actuation is further increased, the substrate amplitude remains at the threshold value while the signal and idler amplitudes grow as
This behavior of the pump, signal and idler mode amplitudes as a function of the normalized drive, µ = |F S | |F S,cr | is shown in Fig.[2] . This parametric process can be viewed as the downconversion of one phonon from the pump mode to a pair of phonons, one in each of the signal and idler modes. At the quantum limit, this results in the entanglement of motion of these modes. In the classical regime, this downconversion is manifest as correlations in the mechanical motion of the two modes. Below threshold, the nonlinear interaction realizes a parametric amplifier with a gain that is dependent on the relation between the phases of the resonator modes and that of the pump. This phasedependent gain results in thermomechanical squeezing of composite quadratures formed from linear combinations of the quadratures of the individual mechanical modes [24] .
Above threshold, the rate of phonon down-conversion exceeds the intrinsic loss from either resonator mode, leading to self-oscillation. In this regime, the correlated production of down-converted phonons manifests as a reduction in the variance (squeezing) of the difference in the amplitude fluctuations of the signal and idler modes. This is the thermomechanical analog of intensity difference squeezing in optical parametric oscillators.
III. BELOW THRESHOLD DYNAMICS : TWO-MODE SQUEEZING
In this section, we evaluate the dynamics of the nondegenerate parametric amplifier that arise for pump actuation below the instability threshold. In this regime, the system exhibits correlations between the displacements of the signal and idler modes. These correlations are manifest as two-mode squeezing of a combined quadrature composed from the individual modes.
In general, the correlations can be obtained using the coupled equations for the membrane modes in the simultaneous presence of a classical pump actuation and thermomechanical Langevin forces. The detailed derivation of the noise spectra is given in Appendix I and we only briefly outline the procedure here. We separate the mean displacement and fluctuations about the mean, by writing x i,j = (Ā i,j +δA i,j )e −iωi,j t with δA i,j = 0. Further, the fluctuations are decomposed into their quadrature components as δA i,j = δα i,j + iδβ i,j . Below threshold, the fluctuations of the individual quadratures are given by Eqs.[38,39] of Appendix I withĀ i,j = 0.
We then define cross-quadratures constructed from {α i,j , β i,j }, here normalized to their respective thermomechanical amplitudes, according to the relations,
The two-mode correlations are manifest as amplification and squeezing of the above quadratures. We represent the fluctuations in these cross-quadratures, along with the fluctuation of the substrate mode in the form of the column vectors X = (δx
T . These are related to the original quadrature fluctuations δ α, δ β via,
Finally, the correlations of the cross quadratures are obtained through a corresponding transformation of the spectral densities S α/β (ω), for example,
along with the analogous equation for Y (X → Y & α → β in the above). As shown in Appendix I, the degree of squeezing is obtained through the variances of these cross quadratures by integrating the spectra in Eq. [11] over the measurement bandwidth. While this outlines the basis of the calculation, the appearance of such two-mode correlations can be intuitively seen as the result of a coherent interference between the response of the individual resonator modes due to thermomechanical noise and the down-converted field arising from the two-mode nonlinearity. This interference results in a reduction of thermomechanical motion along one quadrature at the expense of amplified motion in the orthogonal quadrature.
In general, the degree of two-mode noise squeezing is sensitive to various experimental considerations such as the 'loss asymmetry' arising from mismatched dissipation rates of the individual membrane modes, their frequency difference and the detuning of the parametric drive from the two-mode resonance. Below, we evaluate the effect of these considerations on the degree of squeezing and find the robust formation of two-mode squeezed states for a wide range of experimental parameters.
A. Matched losses and frequencies
For notational convenience, we introduce the loss asymmetry parameter δ γ = (γ i − γ j )/(γ i + γ j ) and fre-quency mismatch parameter δ ω = (ω i −ω j )/(ω i +ω j ). To build an intuition for quadrature squeezing below threshold, we first consider the simplest case of distinct resonator modes with identical frequencies (ω i = ω j = ω or δ ω = 0) and identical dissipation rates (γ i = γ j = γ or δ γ = 0).
For this case, the evolution matrices in Eq.
[40] of Appendix I reduce to,
The spectral density of fluctuations of the collective quadratures is evaluated from Eq.
[41] and Eq. [11] to yield
The variances of the normalized collective quadratures of the mechanical modes are then given by,
We see that x − , y + are amplified quadratures with variances that grow as µ → 1, while x + , y − are squeezed quadratures showing reduction in the variance below the thermomechanical limit. For pump actuation close to parametric threshold (µ → 1), we obtain a peak noise squeezing of 1 2 , similar to the bound observed in optical parametric amplifiers [26] . The degree of two-mode squeezing versus parametric drive is shown in Fig.[3] .
The existence of a bound for the peak noise squeezing can be intuited by looking at the equations of motion for the collective quadratures, through a rotation of the original equations of motion, i.e.
where,
and v = Rv represents thermomechanical noise forces. Two-mode squeezing arises from the fact that while the thermomechanical noise forces remain the same in the presence or absence of the parametric drive, the dissipation of the squeezed quadrature goes to twice its bare value near parametric threshold. This results in a reduction in the variance of the squeezed quadrature by a factor of 2. Simultaneously, the decay rate of the amplified quadrature goes to zero, signaling the onset of the parametric instability. The onset of the instability thus explains the 3 dB bound for squeezing through this parametric process. as µ → 1. The dashed horizontal line represents the thermomechanical variance given by
The variances of the cross-quadratures are calculated by integrating the noise over all frequencies, i.e. they are measured with infinite bandwidth. As the measurement bandwidth decreases, the peak noise squeezing approaches 6 dB, i.e.
B. Effect of mismatched frequencies and loss rates
We now consider the case where the frequencies and the damping rate of the two resonators are not the same, i.e. δ γ , δ ω = 0. In this situation, the collective quadratures x ± and y ± are no longer decoupled from each other. This coupling between the collective quadratures has been noted to be detrimental to entanglement [27] , and backaction evasion [19] protocols. It also results in a degradation of peak two-mode thermomechanical squeezing. This is a result of the coupled quadratures x + , x − and y − , y + being respectively amplified and squeezed in the presence of the parametric drive.
As before, the variances of the collective quadratures are obtained using Eq.
[41], subsequent rotation using Eq. [11] and integration over frequency. These are now given by
with the cross correlation between (x + , x − ), (y + , y − ) given by,
The variances of the amplified and squeezed collective quadratures for the case where (δ γ = 0, δ ω = 0, δ γ = δ ω ), are shown in Fig.[3] . As can be seen, the presence of loss asymmetry or a frequency mismatch results in a degradation of noise squeezing. In this case, optimal squeezing obtained for a parametric drive that is significantly below the instability threshold. We also find that the coupling between the amplified and squeezed quadratures leads to a divergence of the squeezed quadrature at the instability threshold.
The dependence of the peak squeezing on the loss asymmetry and frequency mismatch parameters are summarized in Fig.[4] . Fig.[4(a) ] shows a plot of the peak squeezing as a function of the loss asymmetry for the case of distinct mechanical modes with the same frequency (δ ω = 0), showing a linear degradation of peak squeezing with loss asymmetry. Correspondingly, Fig.[4(b) ] shows the peak squeezing as a function of the frequency mismatch parameter (δ ω ) for the case of no loss asymmetry (δ γ = 0). Importantly, as can be seen in Fig.[4(c) ], we find that the 3 dB squeezing bound can be regained even in the presence of loss asymmetry as long as δ γ = δ ω . In this case, the normalized cross correlations between amplified and squeezed collective quadratures vanish, and Eq. [18] reduces to Eq. [14] . This results in a noise squeezing that is identical to that for the case of symmetric losses and frequencies.
C. Effect of pump detuning
Finally, we consider the thermomechanical squeezing bound when the pump drive is detuned from parametric resonance. In this case, the drive frequency is given by ω d = ω S + ∆, where ∆ is the drive detuning. This case is of interest since a detuned parametric drive introduces a dynamic coupling between the δ α and δ β quadratures. In turn, this leads to correlations between the amplified and squeezed quadratures. Due to these correlations, the amplified quadrature contains information about the squeezed quadrature that can be used for enhanced localization through weak measurements and optimal estimation [28] . Thus, a detuned parametric drive can allow for enhanced noise squeezing in the presence of feedback. An additional point of interest in this case is that special choices of the drive detuning lead to some of the collective quadratures becoming quantum non-demolition observables [27] .
The equations satisfied by the slowly varying complex amplitudes (A i,j,S ) are again given by Eqs. [3] [4] [5] , with the only difference now being that the pump actuationF S (t) is a slowly varying function of time,F S (t) = |F S |e −i∆t . The pump amplitude resulting from this drive force, A S (t) is given by,
Here, as we are most interested in pump detunings that are comparable to the resonator linewidths, we have made the assumption that ∆ γ S and that the pump amplitude is hence related to the instantaneous parametric actuation through the on-resonant susceptibility.
The two-mode correlations are computed in Appendix II, and are given for δ γ = δ ω = 0 by
and
Note that x + and y − are amplified quadratures while x − and y + are squeezed. As mentioned earlier, a nonzero detuning introduces correlations between (x + , y + ) and (x − , y − ), i.e. between amplified and squeezed quadratures. This is distinct from the case of loss asymmetry or frequency mismatch considered previously, where correlations were introduced between (x + , x − ) and (y + , y − ). As can be seen from the above expressions, these correlations between the x ± and y ± quadratures are proportional to the drive detuning.
This coupling between amplified and squeezed quadratures also results in a decrease in the peak squeezing at non-zero detunings, as can be seen in Fig.[5(a) ]. As expected, for the detuned case, the amplified quadrature diverges at µ = 1 + (∆/γ) 2 , the instability threshold for ∆ = 0. The peak squeezing as a function of the detuning, normalized with respect to the decay rate (for no loss asymmetry or frequency mismatch) is shown in Fig.[5(b) ]. We see that squeezing is almost completely lost when the detuning becomes comparable to the linewidth of the signal and idler modes.
IV. ABOVE THRESHOLD DYNAMICS : AMPLITUDE DIFFERENCE SQUEEZING
For pump actuation above the parametric instability threshold, the two-mode nonlinearity results in parametric self-oscillation of the individual membrane modes. In this regime, the correlated production of down-converted phonons in the signal and idler modes results in a reduction of fluctuations in the amplitude difference between these two modes. This is the phononic version of intensity difference squeezing observed in optical parametric oscillators [29] . As in the optical case, this form of difference squeezing is of interest in nonlinear interferometric schemes capable of 'super-Heisenberg' sensitivities [30] .
In this section, we discuss the dynamics of the twomode nonlinearity above threshold and compute the amplitude fluctuations of the mechanical modes. Additionally, we discuss the fluctuations of their phases. While energy conservation dictates that the sum of the frequencies of the signal and idler modes equal that of the pump drive, it is also the case that the sum of the phases of the signal and idler modes above threshold remain locked to the phase of the pump drive. This follows from Eq. [5] , which in steady state can be rewritten in terms of the normalized drive µ and the drive force phase φ S (F S = |F S |e iφ S ) as
Defining the phases of the resonator modes as A i,j = i|A i,j |e iφi,j , we see that φ i + φ j = φ S . However, the difference in the phases is not constrained and is free to fluctuate.
As before, we quantify these fluctuations in the amplitudes and phases about their steady state values by decomposing the complex amplitude fluctuations δ A into δα i and δβ i quadratures. The equations of motion of δ α and δ β are given by Eqs. [38, 39] in Appendix I after substituting
Here, we have defined the coupling parameter
We choose the drive and resonator mode phases such thatφ i,j = φ S = 0. Given this choice of phases, the complex mean amplitudesĀ i,j and the fluctuations are as shown in the inset of Fig.[6] . With this convention, the amplitude fluctuations are given by δβ i,j . The fluctuations in the phase are obtained from δα i,j through δφ i,j = δαi,j Ai,j . Similar to the below threshold case, the correlations of the fluctuations in the signal and idler modes resulting from the pump drive are manifest in combined quadratures,
where δR ± are the amplitude sum and difference quadratures and δφ ± are the phase sum and difference quadratures. The spectrum of fluctuations of δα ± and δβ ± are given by Eq.
[41].
In contrast to the dynamics below threshold, the fluctuations of the pump mode above threshold have an influence on the correlations generated between the membrane modes. On the one hand, the substrate fluctuations are smaller than those of the membrane modes by a term proportional to the respective mass ratios. Thus, one might assume that these tiny fluctuations should have a negligible influence on the membrane modes. However, the substrate mode fluctuations affect the membrane modes through terms that are proportional to the steady state amplitudes of the latter. These amplitudes are larger than the pump mode amplitude by the mass ratio of the substrate and membrane modes. These ratios cancel each other and lead to pump mode thermal fluctuations influencing the signal and idler modes through terms that are of the same order as the coupling between the signal and idler modes. Thus, the degree of amplitude difference squeezing is independent of the resonator to substrate mass ratio.
Consistent with the experimental system under consideration [24] , we assume that the damping rate of the substrate excitation is 3-4 orders of magnitude larger than those of the membrane. In this regime, the pump fluctuations respond instantaneously to those of the membrane modes and can thus be adiabatically eliminated. We use this to simplify the analysis and ignore the time derivative of the pump fluctuations (δȦ S ) in Eq. [35] . Aside from this modification, we extract the fluctuations of the signal and idler modes as before.
A. Matched losses and frequencies
We first consider the case where the damping rates and the frequencies are matched. In this limit, we obtain the following spectral densities for the collective quadratures normalized with respect to the thermal motion amplitude.
We obtain the variances of the fluctuations by integrating the spectra. For the Y quadrature, which relates to amplitude fluctuations, these evaluate to
These variances are plotted as a function of the parametric drive in Fig.[6] . Above threshold, the amplitude difference between the signal and idler modes is always half the thermal variance. This is the mechanical analogue of intensity difference squeezing seen in optical parametric oscillators. We find that while the individual amplitudes are sensitive to fluctuations of the pump mode, the amplitude difference is insensitive to fluctuations of the pump mode and the degree of squeezing is independent of the pump drive. On the other hand, the variance of the amplitude sum diverges as µ → 1 + and decreases with increasing drive, approaching half the thermal variance as µ → ∞.
The other notable feature of above threshold dynamics is that the phase difference between the signal and idler . As can be seen, amplitude difference squeezing is extremely robust to experimental imperfections such as a frequency mismatch or loss asymmetry. Inset: Schematic of the mean value of the membrane mode amplitudeĀi,j and the fluctuations δαi,j and δβi,j. δ β represent amplitude fluctuations while δ α are related to fluctuations of the phase.
modes is unspecified and hence free to fluctuate. The fluctuation in the phase difference is given by
where A(µ) is the amplitude of the membrane modes (identical for the case of matched loss rates),
is the thermal variance. The integral of the fluctuation spectrum diverges as ω −2 , indicating that the difference phase undergoes diffusion. The time scale τ for this diffusion can be estimated by calculating the variance while imposing a low frequency cut off ( 2π τ ) to the integral of the spectral density, i.e.
If the parametric nonlinearity were used to actuate the membrane modes to an amplitude of 10 3 × (x 2 th ) 1/2 , a phase fluctuation of 1 mrad would require a measurement duration of 10 ringdown periods or around 100 seconds for the modes considered in [24] . Thus, while S φ−,φ− (ω) diverges, it does not necessarily lead to large fluctuations of the difference phase over experimental time scales.
B. Effect of mismatched frequencies and loss rates
For the case of non-zero loss asymmetry and frequency mismatch (δ γ , δ ω = 0), the fluctuations of the amplitude difference are no longer decoupled from fluctuations of the amplitude sum. These fluctuations are obtained as in the previous section. The calculation, while straightforward, is laborious and we only summarize the results below.
The variances of the amplified and squeezed sum and difference quadratures are shown in Fig.[6] for δ γ = 0.31 and δ ω = 0.09. In this case, the coupling between amplified and squeezed quadratures leads to a divergence in the squeezed quadrature as µ → 1 + . Unlike in the case below threshold, the fluctuations for the case of matched asymmetries (δ γ = δ ω = 0) are not the same as for the case of δ γ = δ ω = 0. Importantly, we note that for pump actuation significantly above threshold, the degree of squeezing is impervious to experimental imperfections such as a loss asymmetry.
V. CROSSOVER OF CORRELATIONS AT THE INSTABILITY THRESHOLD
Finally, we discuss the dynamics of the two-mode nonlinearity in the vicinity of the parametric instability. The crossover regime is most conveniently portrayed by evaluating the variance of y ± quadratures in the regimes below and above threshold. In the former regime, these quadratures represent the two-mode correlations arising from phase-sensitive parametric amplification. In the latter regime, these correspond to the sum and difference amplitude fluctuations of the two membrane modes. These are shown in Fig.[7] . In the general case of mismatched dissipation rates (δ γ = 0), both these quadratures exhibit diverging variances at the instability.
As for the divergent phase diffusion discussed earlier, finite time effects need to be considered to interpret the divergent steady-state variances depicted in Fig.[7] . For the low frequency, ultrahigh quality factor resonators considered in this work, the divergent response time in the vicinity of the instability threshold can result in inordinately long thermalization times (∼ 10 4 −10 5 seconds). For typical measurement durations (∼ 100 seconds), the measured squeezing spectra can deviate appreciably from the spectra computed in steady state. Expectedly, these deviations are most significant for parametric actuation around the instability threshold (µ ∼ 1.0).
The variances measured over a finite time τ m are extracted by truncating the integral of the relevant spectral densities by the time of measurement, i.e.
These variances, computed for the parameters in [24] , result in the solid black curves shown in Fig.[8] . We see that the singularities in the amplified and squeezed quadratures seen in the steady state variances (solid blue and red lines) are washed out at finite measurement durations. Also shown for comparison are the corresponding amplified (blue) and squeezed (red) quadratures in steady state. These are computed for δγ = 0.31, δω = 0.09 (γ ∼ 2π × 100 mHz) and correspond to the experimental parameters in [24] . The divergence at the instability threshold is attenuated for finite measurement times due to the divergent response times.
The regime around µ = 1 is of interest since the system exhibits mechanical bistability and a hysteretic response due to the divergent mechanical susceptibility and diverging response time. This regime offers a clean, mesoscopic and mechanical realization of a second-order phase transition [31] [32] [33] [34] and out-of-equilibrium quantum dynamics on experimentally accessible timescales. Furthermore, quantum tunneling between bistable mechanical states has been discussed in the context of a Duffing nonlinearity as a means of accessing a quantum-to-classical transition [16] . In the system considered here and in [24] , the presence of a strong two-mode nonlinearity and compatibility with optomechanical cooling together imply that similar effects can be accessed even in the regime of low phonon number and motion on the scale of mechanical zero-point fluctuations. The nature of this nonequilibrium phase transition and the response to critical fluctuations as the phonon occupancy is gradually reduced by optomechanical cooling will be described elsewhere.
We also note the close correspondence between the squeezing spectra arising from the two-mode nonlinearity and the properties of the reservoir to which the resonator is coupled. In particular, while we have considered the squeezing spectra in the presence of a Markovian (thermal) reservoir in this work, it is also known that intrinsic defects or two-level systems (TLS) in amorphous resonators such as SiN can couple to mechanical motion [35] . Furthermore, a reservoir of such TLS can acquire non-Markovian properties in certain regimes. In addition to studying the effect of such non-Markovian fluctuations on the second order phase transition and the twomode correlations near the instability, it is an intriguing prospect to use the exquisite sensitivity of this two-mode nonlinearity as an amplifier of such reservoir interactions to shed light on the intrinsic material properties of the membrane resonator.
VI. SUMMARY
In summary, we describe a phononic nondegenerate parametric amplifier that is realized in a membrane resonator through a substrate-mediated nonlinearity. Motivated by recent work [24] , we discuss the creation of multimode phononic correlations arising from this parametric interaction and compute the squeezing spectra in the presence of thermomechanical noise. We address various points of experimental relevance including the presence of frequency mismatches and asymmetric dissipation rates between the resonator modes. We find the robust presence of two-mode phononic correlations for a wide range of experimental parameters.
Below the threshold for parametric instability, this system exhibits two-mode noise squeezing of collective quadratures composed from the individual resonator modes. This regime is conducive to back-action evading (BAE) schemes for quantum-enhanced metrology. Above threshold, the system exhibits amplitude difference squeezing due to the correlated production of downconverted phonons in both resonator modes. This regime is promising for nonlinear measurement schemes capable of super-Heisenberg sensitivities.
In the crossover regime between these two limits, the response of the system near the parametric instability threshold is characterized by a divergent mechanical susceptibility and a diverging response time. In this regime, the system exhibits mechanical bistability, a hysteretic response and critical slowing down. This regime is of interest as it offers a mechanical realization of a second order phase transition for the investigation of nonequilibrium critical dynamics, the quantum-to-classical transition and the influence of a non-Markovian reservoir on such critical phenomena. These results will be discussed elsewhere. Due to the combined presence of low intrinsic dissipation and optomechanical compatibility, such nonlinear mechanical systems are promising for extending these studies from the classical realm deep into the quantum regime.
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For both the below and the above threshold regimes, we obtain the correlations that develop between the resonator modes in the presence of the pump drive, by analyzing the coupled equations for the resonator modes under the influence of a classical actuation of the pump/substrate mode along with thermomechanical Langevin noise forces acting on the membrane and substrate modes.
We distinguish between the mean displacement and the fluctuations by writing x i,j = (Ā i,j + δA i,j )e −iωi,j t where δA i,j = 0. The coupled equations for the fluctuations can be written as, 
for notational simplicity. The thermomechanical noise forces are assumed to be white noise correlated and obey,
We decompose the complex displacements into real quadratures according to δA = δ α + iδ β and where δA = (δA i , δA j , δA S ) T . Correspondingly the noise,
T is also decomposed into real and imaginary parts, v = v α + iv β . Expressing Eq. [35] in terms of these quantities gives,
For the general case, valid both above and below threshold,
and the elements of v α,β satisfy v i = 0, v k (t)v l (t + τ ) = γ l k B T m l ω 2 l δ kl δ(τ ). In writing Eq.
[40], we have made a choice for the pump drive phase (φ S = 0) and the resonator mode detection phases (φ i,j = 0). In general, these phases can also be chosen such that there is a coupling between the δ α and δ β quadratures. When the pump drive phase is not fixed, but evolving in time, for instance with the pump drive being detuned, this coupling is physical and cannot be made to vanish through a suitable choice of detection phases.
The noise spectral density in the steady state is obtained by taking the expectation value after Fourier transforming and inverting Eqs. [38, 39] , and are given by the matrix equation, 
is a matrix characterizing the diffusion due to thermal forces. The variances in steady state can be obtained from the spectrum using the Wiener-Khintchine theorem, by integrating the fluctuations over frequency, i.e. 
Unlike the case of zero detuning, we obtain non-zero steady state correlations between the x and y quadratures, σ x±,y± = k B T γ mω 2 2∆γµ λ + λ − (λ + + λ − ) = σ y±,x± (59)
The correlations between the x ± and y ± are now proportional to the drive detuning.
